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CHARACTERIZATION OF THE TRACES ON THE BOUNDARY OF
FUNCTIONS IN MAGNETIC SOBOLEV SPACES
HOAI-MINH NGUYEN AND JEAN VAN SCHAFTINGEN
Abstract. We characterize the trace of magnetic Sobolev spaces defined in a half-space or
in a smooth bounded domain in which the magnetic field A is differentiable and its exterior
derivative corresponding to the magnetic field dA is bounded. In particular, we prove that, for
d ≥ 1 and p > 1, the trace of the magnetic Sobolev space W 1,pA (R
d+1
+ ) is exactly W
1−1/p,p
Aq
(Rd)
where Aq(x) = (A1, . . . , Ad)(x, 0) for x ∈ Rd with the convention A = (A1, . . . , Ad+1) when
A ∈ C1(Rd+1+ ,R
d+1). We also characterize fractional magnetic Sobolev spaces as interpolation
spaces and give extension theorems from a half-space to the entire space.
1. Introduction
The first-order magnetic Sobolev space W 1,pA (Ω) on a given open set Ω ⊂ R
d+1 with d ≥ 1 is
defined, for a given exponent p ∈ [1,+∞), a vector field A ∈ C1(Ω,Rd+1), as [3; 4; 6; 11; 16;
19; 28; 29, §1.1]
(1.1) W 1,pA (Ω) ,
{
U ∈W 1,1loc (Ω,C) ; ‖U‖
p
W 1,pA (Ω)
,
ˆ
Ω
|U |p + |∇AU |
p < +∞
}
,
where the weak covariant gradient ∇AU associated with A of U ∈W
1,1
loc (Ω,C) is defined as
1
(1.2) ∇AU = ∇U + iAU in Ω.
Magnetic Sobolev spaces arise naturally for p = 2 and d = 2 (corresponding to Ω ⊆ R3) in
quantum mechanics in the presence of a magnetic field described through its magnetic vector
potential A ∈ C1(Ω,R3); the function U : Ω → C is then a wave-function and the integral in
(1.1) is the quadratic form associated to the quantum mechanical Hamiltonian of a particle
in a magnetic field (see, e.g., [14, Chapter 16; 17, Chapter XV]). In physical models, the
only observable quantities are the magnetic field B = ∇ × A ≃ dA ∈ C(Ω,
∧2
R3) and the
probability density |U |2. Here and in what follows, dA denotes the exterior derivative of A;
for this, we consider A as an element in C1(Ω,
∧1
Rd+1). The prevalent role of the magnetic
field and of the probability density is reflected by the gauge invariance invariance of the model:
the invariance of the Hamiltonian quadratic form defined by the left-hand side (1.1) under a
change of variables A 7→ A+∇Φ and U 7→ e−iΦU , for any phase shift Φ ∈ C1(Ω,R), see, e.g.,
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1Two opposite conventions are in use for the sign of the second term in (1.2), we follow [3, 11, 19, 28], and
we have thus opposite convention to [4; 6; 16; 29, §1.1]. The presence of two opposite conventions is related to
charge of the particles that are studied; both conventions are equivalent up to complex conjugation.
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[19, chapter 7]. Geometrically, the invariant quantity i dA is the curvature of the associated
U(1)–connection (see for example [30, Chapter 11]).
Magnetic Sobolev spaces W 1,pA (Ω) generalize classical Sobolev spaces W
1,p(Ω), in which A ≡
0, defined by
W 1,p(Ω) ,
{
U ∈ Lp(Ω) ; ‖U‖pW 1,p(Ω) ,
ˆ
Ω
|U |p + |∇U |p < +∞
}
.
For 0 < s < 1 and 1 ≤ p < +∞, the fractional Sobolev (Sobolev–Slobodecki˘ı) space is defined as
W s,p(∂Ω) ,
{
u ∈ Lp(∂Ω,C) ; ‖u‖pW s,p(∂Ω) , ‖u‖
p
Lp(∂Ω) + |u|
p
W s,p(∂Ω) < +∞
}
,
where the Gagliardo seminorm |u|W s,p(∂Ω) of the function u : ∂Ω→ C is given by
|u|pW s,p(∂Ω) ,
¨
∂Ω×∂Ω
∣∣u(y)− u(x)∣∣p
|y − x|d+sp
dxdy.
When the set Ω is bounded and its boundary is of class C1, or Ω = Rd+1+ ,
{
(x, t) ∈ Rd×R; t >
0
}
, and when p > 1, the trace theory is well known since Gagliardo’s pioneer work [13] (see
also [9, §10.17–10.18 and Proposition 17.1; 22; 34]). The trace operator Tr defined by
Tr : C1(Ω¯)→ C1(∂Ω)
U 7→ U |∂Ω,
satisfies for some positive constant Cp,Ω, for every U ∈ C
1(Ω) the estimate,
‖TrU‖W 1−1/p,p(∂Ω) ≤ Cp,Ω‖U‖W 1,p(Ω),
and therefore the linear operator Tr extends to a bounded linear map from the Sobolev space
W 1,p(Ω) into fractional Sobolev space W 1−1/p,p(∂Ω). Conversely there exists a bounded linear
operator Ext : W 1−1/p,p(∂Ω)→W 1,p(Ω) such that for any u ∈W 1−1/p,p(∂Ω),
Tr(Extu) = u on ∂Ω and ‖Extu‖W 1,p(Ω) ≤ C
′
p,Ω‖u‖W 1−1/p,p(∂Ω),
for some positive constant C ′p,Ω independent of u. In particular, the map Tr is surjective.
Consequently, the image under the trace operator of the space W 1,p(Ω) is exactly the space
W 1−1/p,p(∂Ω). The space of traces can also be described as the real interpolations space
(W 1,p(Rd), Lp(Rd))1−1/p,p in the framework of interpolation of Banach spaces [20, Théorème
VI.2.1].
The trace theory for W 1,pA (Ω) can easily be derived from the one of W
1,p
A (Ω) when the
magnetic potential A is bounded. In fact, by the triangle inequality
(1.3)
∣∣‖∇Au‖Lp(Ω) − ‖∇u‖Lp(Ω)∣∣ ≤ ‖A‖L∞(Ω)‖u‖Lp(Ω),
it follows that W 1,pA (Ω) = W
1,p(Ω) in this case. Hence the trace of W 1,pA (Ω) is the space
W 1−1/p,p(∂Ω) as well. The situation becomes more delicate when Ω = Rd+1+ and A is not
assumed to be bounded but its total derivative DA or, even more physically, its exterior
derivative dA is bounded. This type of assumption on A appears naturally in many problems
in physics for which A is linear in simple settings. Moreover, even when A is bounded, the
quantitative bounds resulting (1.3) depend on ‖A‖L∞(Ω) which is not gauge invariant; it would
be desirable to have estimates depending rather on dA. To our knowledge, a characterization
of the trace of W 1,pA (R
d+1
+ ) is not known under such assumption on A. The goal of this work
is to give a complete answer to this question. Besides its own interest concerning boundary
values in problems of calculus of variations and partial differential equations, this is closely
related to classes of fractional magnetic problems motivated by relativistic magnetic quantum
physical models [15] that have been studied recently [1, 2, 5, 8, 12,18,25–27,31,35].
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Given 0 < s < 1, 1 ≤ p < +∞, and Aq ∈ C(Rd,Rd), we define, for any measurable function
u : Rd → C
(1.4) |u|p
W s,p
Aq
(Rd,C)
,
¨
Rd×Rd
∣∣ei IAq(x,y)u(y)− u(x)∣∣p
|y − x|d+sp
dxdy,
where the potential IAq : R
d × Rd → R is defined for each x, y ∈ Rd by
IAq(x, y) ,
ˆ 1
0
Aq
(
(1− t)x+ ty
)
· (y − x) dt.
Here and in what follows · denotes the complex scalar product. For A = (A1, . . . , Ad+1) ∈
C(Rd+1+ ,R
d+1), we will consider its parallel component on the boundary Aq : Rd → Rd defined
for each x ∈ Rd by
(1.5) Aq(x) = (A1, . . . , Ad)(x, 0).
Our first main result is
Theorem 1.1. Let d ≥ 1 and 1 < p < +∞. There exists a positive constant Cd,p depending
only on d and p such that if A ∈ C1(Rd+1+ ,R
d+1) and ‖dA‖L∞(Rd+1+ )
≤ β, then
(i) for each U ∈ C1c (R
d+1
+ ,C),
|U(·, 0)|
W
1−1/p,p
Aq
(Rd)
+ β
1
2
− 1
2p ‖U(·, 0)‖Lp(Rd) ≤ Cd,p
(
‖∇AU‖Lp(Rd+1+ )
+ β
1
2‖U‖Lp(Rd+1+ )
)
,
(ii) for each u ∈ C1c (R
d,C), there exists U ∈ C1c (R
d+1
+ ) depending linearly on u such that
U(x, 0) = u(x) in Rd and
‖∇AU‖Lp(Rd+1+ )
+ β
1
2 ‖U‖Lp(Rd+1+ )
≤ Cd,p
(
|u|
W
1−1/p,p
Aq
(Rd)
+ β
1
2
− 1
2p ‖u‖Lp(Rd)
)
.
The conclusions of Theorem 1.1 are gauge-invariant: all the functional norms are gauge-
invariant and the constants only depend through β which is an upper bound of the norm
‖dA‖L∞(Rd+1+ )
of the magnetic field on the half-space Rd+1+ .
As a consequence of Theorem 1.1, by a standard density argument (see Section 4), we obtain
the following characterization of the trace of the space W 1,pA (R
d+1
+ ):
Theorem 1.2. Let d ≥ 1 and 1 < p < +∞. Assume that A ∈ C1(Rd+1+ ,
∧1
Rd+1) and that
dA ∈ L∞(Rd+1+ ,
∧2
R
d+1). The trace mapping
Tr :W 1,pA (R
d+1
+ ,C)→W
1−1/p,p
Aq (R
d,C)
U(x, xd+1) 7→ U(x, 0)
is linear and continuous. There exists a linear continuous mapping
Ext : W
1−1/p,p
Aq (R
d,C)→W 1,pA (R
d+1
+ ,C)
such that Tr ◦ Ext
R
d+1
+
is the identity on W
1−1/p,p
Aq (R
d). Moreover, the corresponding estimates
of Theorem 1.1 with u = TrU and U = Extu are valid.
In the case where the magnetic field dA is constant, we obtain the following improvements:
Theorem 1.3. Let d ≥ 1 and 1 < p < +∞. Assume that A ∈ C1(Rd+1+ ,R
d+1) and that dA is
constant. We have, with u = TrU and U = Extu,
(1.6) |u|
W
1−1/p,p
Aq
(Rd)
+ ‖dA‖
1
2
− 1
2p ‖u‖Lp(Rd) ≤ Cd,p‖∇AU‖Lp(Rd+1+ )
and
(1.7) ‖∇AU‖Lp(Rd+1+ )
+ ‖dA‖
1
2‖U‖Lp(Rd+1+ )
≤ Cd,p|u|W 1−1/p,p
Aq
(Rd)
.
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We later show that the space W s,pAq (R
d) with 0 < s < 1 and p ≥ 1 is the trace space of the
spaceW 1,pA,1−(1−s)p(R
d) whose definition is given in (4.1); moreover, the corresponding estimates
hold (see Theorems 4.3 and 5.4).
We establish similar estimates for a smooth bounded domain Ω ⊂ Rd+1 and a magnetic
potential A ∈ C1(Ω¯,Rd+1). It is worth noting that the trace theory in this setting is known as
in the case A ≡ 0. Nevertheless, our estimates (Proposition 6.4 and Proposition 6.5) are gauge
invariant, and sharpen estimates in the semi-classical limit (Proposition 6.6).
As a consequence of the trace theorems, we derive a characterization of the spaceW s,pAq (R
d,C)
as an interpolation space (Theorem 7.2). We also observe that the characterization of traces
is also independent on the side of the hyperplane from which the trace is taken or to which
the extension is made (this fact is not too trivial, see Remark 8.2). Consequently, the trace
theorem provides an extension theorem from a half-space to the whole space (Theorem 8.1).
In an appendix, we show that under the assumption that some derivative of A is bounded,
our magnetic fractional spaces have equivalent norms to other families of fractional spaces
defined in the literature (Proposition A.1).
We now describe briefly the idea of the proof of the trace theory. The proof of the trace
estimates and of the construction of the extension is based on a standard strategy that goes back
to Gagliardo’s seminal work [13]. Concerning Theorem 1.1 and its variants (Propositions 2.1
and 3.1), the key point of our analysis lies on the observation that Aq defined in Rd by (1.5)
encodes the information the trace space of W 1,pA (R
d+1
+ ) and an appropriate extension formula
given in (3.1). The proof of the trace estimates also involves Stokes theorems (Lemma 2.2)
and a simple useful observation given in Lemma 2.3. Concerning Theorem 1.3 and its variants
(Theorem 5.4), the new part is the trace estimates (see, e.g., (1.6)). To this end, the Stoke
formula and an averaging argument are used while taking into account the fact dA is constant.
The proof for a domain Ω uses the results in the half space via local charts.
2. Trace estimate for bounded magnetic field
In this section, we prove the following trace estimate on the boundary of the half-space with
a bounded magnetic field, which covers (i) in Theorem 1.1.
Proposition 2.1. Let d ≥ 1, 0 < s < 1, and 1 ≤ p < +∞. There exists a positive constant
Cd,s,p depending only on d, s and p such that if A ∈ C
1(Rd+1+ ,R
d+1), ‖dA‖L∞(Rd+1+ )
≤ β and if
U ∈ C1c (R
d+1
+ ,C), then
(2.1) |U(·, 0)|p
W s,p
Aq
(Rd)
≤ Cd,s,p
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p + β p2 |U(z, t)|p
t1−(1−s)p
dz dt
and
(2.2) ‖U(·, 0)‖p
Lp(Rd)
≤ Cd,s,p
(¨
R
d+1
+
∣∣∇AU(z, t)∣∣p
t1−(1−s)p
dt dz
)1−s(¨
R
d+1
+
∣∣U(z, t)∣∣p
t1−(1−s)p
dt dz
)s
.
As a consequence of (2.2), we have
(2.3) β
sp
2 ‖U(·, 0)‖p
Lp(Rd)
≤ C ′
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p + β p2 |U(z, t)|p
t1−(1−s)p
dz dt.
We first present several lemmas used in the proof of Proposition 2.1, before going to the
proof of Proposition 2.1 at the end of the section.
We define for each X,Y ∈ Rd+1+ , the homotopy operator
(2.4) IA(X,Y ) ,
ˆ 1
0
A
(
(1− t)X + tY
)
· (Y −X) dt.
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We observe by integration by parts that
(2.5) DIA(·, Y ) = −A.
Therefore, by the fundamental theorem of calculus, we have
(2.6) ei IA(X,Y )U(Y )− U(X) =
ˆ 1
0
ei IA(X,(1−t)X+tY )∇AU
(
(1− t)X + tY
)
· (Y −X) dt.
The following result will be used repeatedly in the present work.
Lemma 2.2. If d ≥ 1, A ∈ C1(Rd+1+ ,R
d+1), then for every X,Y,Z ∈ Rd+1+ , we have
IA(X,Y ) + IA(Y,Z) + IA(Z,X) =
ˆ 1
0
ˆ 1−s
0
dA
(
(1− t− s)X + tY + sZ
)
[Y −X,Z −X] dt ds.
Proof. We have if s, t ∈ [0, 1] and s+ t ≤ 1,
dA
(
(1− t− s)X + tY + sZ
)
[Y −X,Z −X]
=
d
dt
A
(
(1− t− s)X + tY + sZ
)
[Z −X]−
d
ds
A
(
(1− t− s)X + tY + sZ
)
[Y −X].
Integrating with respect to s, t ∈ [0, 1] with s+ t ≤ 1 yields
ˆ 1
0
ˆ 1−s
0
dA
(
(1− t− s)X + tY + sZ
)
[Y −X,Z −X] dt ds
=
ˆ 1
0
ˆ 1−s
0
d
dt
A
(
(1− t− s)X + tY + sZ
)
[Z −X] dt ds
−
ˆ 1
0
ˆ 1−t
0
d
ds
A
(
(1− t− s)X + tY + sZ
)
[Y −X] ds dt.
(2.7)
By the fundamental theorem of calculus, for every s ∈ [0, 1] we have
(2.8)
ˆ 1−s
0
d
dt
A
(
(1− t− s)X + tY + sZ
)
[Z −X] dt
= A
(
(1− s)Y + sZ
)
[Z −X]−A
(
(1− s)X + sZ
)
[Z −X]
and for every t ∈ [0, 1],
(2.9)
ˆ 1−t
0
d
ds
A
(
(1− t− s)X + tY + sZ
)
[Y −X] ds
= A
(
tY + (1− t)Z
)
[Y −X]−A
(
(1− t)X + tY
)
[Y −X].
By inserting (2.8), (2.9) and (2.7) and by applying the change of variable s = t, t = 1− s, we
obtainˆ 1
0
ˆ 1−s
0
dA
(
(1− t− s)X + tY + sZ
)
[Y −X,Z −X] dt ds
=
ˆ 1
0
A
(
(1− s)Y + sZ
)
[Z −X] ds−
ˆ 1
0
A
(
tX + (1− t)Z
)
[Z −X] dt
−
ˆ 1
0
A
(
(1− s)Y + sZ
)
[Y −X] ds+
ˆ 1
0
A
(
(1− t)X + tY
)
[Y −X] dt
= IA(Z,X) + IA(Y,Z) + IA(X,Y ),
in view of the definition in (2.4). 
Using Lemma 2.2, we can establish the following simple result which is the key ingredient
of the proof of Proposition 2.1.
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Lemma 2.3. If d ≥ 1, U ∈ C1(Rd+1+ ,C) and A ∈ C
1(Rd+1+ ,R
d+1), then for every X,Y,Z ∈
R
d+1
+ , we have∣∣ei IA(X,Y )U(Y )− U(X)∣∣ ≤ ∣∣ei IA(Z,Y )U(Y )− U(Z)∣∣+ ∣∣ei IA(Z,X)U(X) − U(Z)∣∣
+ |U(Z)|min
{
1, 12‖dA‖L∞ |(X − Z) ∧ (Y − Z)|
}
.
Proof. Since∣∣ei IA(X,Y )U(Y )− ei (IA(X,Y )+IA(Y,Z))U(Z)∣∣ = ∣∣ei IA(Z,Y )U(Y )− U(Z)∣∣,
and ∣∣U(X) − ei IA(X,Z)U(Z)∣∣ = ∣∣ei IA(Z,X)U(X)− U(Z)∣∣,
by the triangle inequality, we obtain
∣∣ei IA(X,Y )U(Y )− U(X)∣∣ ≤ ∣∣ei IA(Z,Y )U(Y )− U(Z)∣∣+ ∣∣ei IA(Z,X)U(X) − U(Z)∣∣
+
∣∣ei (IA(X,Y )+IA(Y,Z))U(Z)− ei IA(X,Z)U(Z)∣∣.
We observe that∣∣ei (IA(X,Y )+IA(Y,Z))U(Z) − ei IA(X,Z)U(Z)U(Z)∣∣ = ∣∣ei (IA(X,Y )+IA(Y,Z)+IA(Z,X)) − 1∣∣|U(Z)|.
and conclude with Lemma 2.2. 
Proof of Proposition 2.1. Applying Lemma 2.3, we have, for each x, y ∈ Rd and with the
notations x ≃ (x, 0) ∈ Rd+1+ , y ≃ (y, 0) ∈ R
d+1
+ , Z = (
x+y
2 , |y − x|) and u = U(·, 0),
(2.10) |ei IA(x,y)u(y)− u(x)|
≤
∣∣ei IA(Z,x)U(x)− U(Z)∣∣+ ∣∣ei IA(Z,y)U(y)− U(Z)∣∣ + |U(Z)|‖dA‖1/2L∞ |y − x|.
Using (2.6), we derive from (2.10) that
(2.11) |ei IA(x,y)u(y)− u(x)| ≤ |y − x|
ˆ 1
0
∣∣∇AU((1− t)x+ tZ)∣∣ dt
+ |y − x|
ˆ 1
0
∣∣∇AU((1− t)y + tZ)∣∣ dt+ C1β 12 |y − x|∣∣U(Z)∣∣.
Here and in what follows in this proof, C1, C2, . . . denote positive constants depending only on
d, p, and s.
Since 0 < s < 1, using the fact, for a measurable function f defined on [0, 1], by Hölder’s
inequality, that (ˆ 1
0
|f(t)|dt
)p
≤ C2
ˆ 1
0
t(1−s)(p−1)|f(t)|p dt,
we derive from (2.11) that, since Z = (x+y2 , |y − x|),
(2.12)
|ei IAq(x,y)U(y)− U(x)|
|y − x|d+sp
≤ C3
(ˆ 1
0
t(1−s)(p−1)
∣∣∇AU((1− t2)x+ t2y, t|y − x|)∣∣p
|y − x|d−(1−s)p
dt
+
ˆ 1
0
t(1−s)(p−1)
∣∣∇AU((1− t2)y + t2x, t|y − x|))∣∣p
|y − x|d−(1−s)p
dt
+ β
p
2
∣∣U(x+y2 , |y − x|)∣∣p
|y − x|d−(1−s)p
)
.
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We now estimate the integral of the left-hand side of (2.12) with respect to x and y by
estimating the integrals of the three terms on the right-hand side. For every t ∈ (0, 1), making
the change of variable η = (1− t2 )x+
t
2y and ξ = t(x− y), we obtain for every t ∈ (0, 1),
(2.13) t(1−s)(p−1)
¨
Rd×Rd
∣∣∇A(U(1− t2)x+ t2y, t|y − x|)∣∣p
|y − x|d−(1−s)p
dxdy
=
1
t1−s
¨
Rd×Rd
∣∣∇AU(η, |ξ|)∣∣p
|ξ|d−(1−s)p
dη dξ =
|Sd−1|
t1−s
¨
Rd×(0,+∞)
∣∣∇AU(η, r)∣∣p
r1−(1−s)p
dη dr.
Since 0 < s < 1, it follows that
(2.14)
¨
Rd×Rd
ˆ 1
0
t(1−s)(p−1)
∣∣∇A(U(1− t2)x+ t2y, t|y − x|))∣∣p
|y − x|d−(1−s)p
dt dxdy
≤ C4
¨
Rd×(0,+∞)
∣∣∇AU(x, r)∣∣p
r1−(1−s)p
dxdr.
Similarly, we have
(2.15)
¨
Rd×Rd
ˆ 1
0
t(1−s)(p−1)
∣∣∇A(U(1− t2)y + t2x, t|y − x|))∣∣p
|y − x|d−(1−s)p
dt dxdy
≤ C4
¨
Rd×(0,+∞)
∣∣∇AU(x, r)∣∣p
r1−(1−s)p
dxdr.
Using the change of variable η = x+y2 and ξ = y − x, and the polar coordinates, by the same
way to obtain (2.13), we also reach
(2.16)
¨
Rd×Rd
∣∣U(x+y2 , |y − x|)∣∣p
|x− y|d−(1−s)p
dxdy = |Sd−1|
¨
Rd×(0,+∞)
∣∣U(η, r)∣∣p
r1−(1−s)p
dη dr.
Combining (2.12), (2.14), (2.15), and (2.16) yields
(2.17) |u|p
W s,p
Aq
(Rd)
≤ C5
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p + ‖dA‖p2L∞ |U(z, t)|p
t1−(1−s)p
dz dt,
which is (2.1).
We next prove (2.2). Since, by the diamagnetic inequality |∇|U || ≤ |∇AU | in R
d+1
+ , we have,
for x ∈ Rd and t ≥ 0,
|U(x, 0)| ≤ |U(x, t)| +
ˆ t
0
|∇AU(x, s)|ds.
It follows that, for x ∈ Rd and λ > 0,
|U(x, 0)| ≤
ˆ λ
0
|∇AU(x, t)|dt+
2
λ
ˆ λ
λ/2
|U(x, t)|dt.
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Using Hölder’s inequality, we deduce that
(ˆ
Rd
|U(x, 0)|p dx
) 1
p
≤
ˆ λ
0
(ˆ
Rd
|∇AU(x, t)|
p dx
) 1
p
dt+
2
λ
ˆ λ
λ
2
(ˆ
Rd
|U(x, t)|p dx
) 1
p
dt
≤C6 λ
s
( ¨
R
d+1
+
|∇AU(x, t)|
p
t1−(1−s)p
dxdt
) 1
p
+
C7
λ1−s
( ¨
R
d+1
+
|U(x, t)|p
t1−(1−s)p
dxdt
) 1
p
.
(2.18)
Optimizing with respect to λ > 0, we obtain
(2.19)
(ˆ
Rd
|U(x, 0)|p dx
) 1
p
≤ C8
( ¨
R
d+1
+
|∇AU(x, t)|
p
t1−(1−s)p
dxdt
)1−s
p
( ¨
R
d+1
+
|U(x, t)|p
t1−(1−s)p
dxdt
) s
p
,
which is (2.2). 
In what follows B(x,R) denotes the open ball in Rd centered at x and of radius R; when
x = 0, one uses the notation BR instead. Using the same arguments, we obtain a localized
version of Proposition 2.1 which will be used in Section 6.
Proposition 2.4. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. There exists a positive constant
Cd,s,p depending only on s, p, and d such that if R ∈ (0,+∞), A ∈ C
1(B(0, R) × [0, R],Rd+1),
if ‖dA‖L∞ ≤ β and if U ∈ C
∞(B[0, R] ∩ Rd+1+ ) and u = U(·, 0), then¨
B(0,R)×B(0,R)
|ei IAq(x,y)U(y, 0) − U(x, 0)|p
|y − x|d+sp
dxdy ≤ Cd,s,p
¨
B(0,R)×[0,R]
∣∣∇AU(z, t)∣∣p + β p2 |U(z, t)|p
t1−(1−s)p
dt dz.
3. Extension to the half-space
In this section, we prove the following extension result which implies (ii) of Theorem 1.1.
Proposition 3.1. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. There exists a positive con-
stant Cd,s,p depending only on d, s, and p such that for every A ∈ C
1(Rd+1+ ,R
d+1) with
‖dA‖L∞(Rd+1+ )
≤ β and for any u ∈ C1c (R
d,C) with compact support, one can find U ∈ C1c (R
d+1
+ )
depending linearly on u such that U(x, 0) = u(x) in Rd,¨
R
d+1
+
|∇AU(x, t)|
p
t1−(1−s)p
dxdt ≤ Cd,s,p
(
|u|p
W s,p
Aq
(Rd)
+ β
sp
2 ‖u‖p
Lp(Rd)
)
and ¨
R
d+1
+
|U(z, t)|p
t1−(1−s)p
dxdt ≤
Cd,s,p
β
(1−s)p
2
‖u‖p
Lp(Rd)
.
Proof. Let ϕ ∈ C∞c (R
d) and θ ∈ C∞(R) be such thatˆ
Rd
ϕ = 1, ϕ(x) = 0 for |x| > 1,
θ = 1 in (−a/2, a/2), θ = 0 in R \ (−a, a), and |θ′| ≤ C1/a in R,
with a = β−1/2 for some positive constant C1 independent of a, and set, for t > 0
ϕt(·) , t
−dϕ(·/t) in Rd.
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We define the function U : Rd+1+ → C by setting, for every (x, t) ∈ R
d × [0,+∞),
(3.1) U(x, t) , θ(t)
ˆ
Rd
ϕt (x− y) e
iIA((x,t),y) u(y) dy,
where we have identified the point (y, 0) ∈ Rd × {0} ⊂ Rd+1 with y ∈ Rd.
By (2.5), for every (x, t) ∈ Rd+1+ , we have, for 1 ≤ j ≤ d,
∂jU(x, t) + iAj(x, t)U(x, t) = θ(t)
ˆ
Rd
∂jϕt (x− y) e
iIA((x,t),y) u(y) dy
and
∂d+1U(x, t) + iAd+1(x, t)U(x, t)
=
ˆ
Rd
(
θ′(t)ϕt (x− y)− θ(t)
(d
t
ϕt (x− y)−
θ(t)
td+2
∇ϕ
(x− y
t
)
· (x− y)
))
eiIA((x,t),y) u(y) dy.
With the notations Φit(z) , ∂jϕt(z) if 1 ≤ j ≤ d and Φ
d+1
t (z) = −
d
tϕt(z) − t
−(d+2)∇ϕ(z/t) · z
for z ∈ Rd, we have, since
´
Rd
Φit = 0,
(3.2)
ˆ
Rd
Φit (x− y) e
iIA((x,t),y) u(y) dy
=
ˆ
Rd
Φit(x− y)
(
eiIA((x,t),y) − eiIA(x,y)+iIA((x,t),x)
)
u(y) dy
+
ˆ
Rd
Φit(x− y)e
i IA((x,t),x)
(
eiIAq (x,y)u(y)− u(x)
)
dy.
It follows that, for every (x, t) ∈ Rd+1+ ,
(3.3) |∇AU(x, t)| ≤ C2
(
L1(x, t) + L2(x, t) + L3(x, t)
)
,
where the functions L1, L2, L3 : R
d+1
+ → R are defined for each (x, t) ∈ R
d+1
+ by
L1(x, t) ,
1(0,a)(t)
td+1
ˆ
B(x,t)
∣∣∣eiIAq(x,y)u(y)− u(x)∣∣∣ dy,
L2(x, t) ,
1(0,a)(t)
td+1
ˆ
B(x,t)
∣∣∣ei(IA((x,t),y)+IAq (y,x)+IA(x,(x,t))) − 1∣∣∣ |u(y)|dy,
L3(x, t) ,
1(0,a)(t)
a td
ˆ
B(x,t)
|u(y)|dy.
We first have, by Hölder’s inequality,¨
R
d+1
+
|L1(x, t)|
p
t1−(1−s)p
dxdt ≤ C3
¨
R
d+1
+
1
t1+d+sp
(ˆ
B(x,t)
|eiIAq (x,y)u(y)− u(x)|p dy
)
dxdt
≤ C4
¨
Rd×Rd
|eiIAq(x,y)u(y)− u(x)|p
|y − x|d+sp
dxdy.
(3.4)
Next, by Lemma 2.2, if x, y ∈ Rd and t ∈ (0,+∞), we have∣∣IA((x, t), y) + IA(y, x) + IA(x, (x, t))∣∣ ≤ C5 ‖dA‖L∞(Rd+1+ )t2,
and therefore, |y − x| ≤ t,∣∣ei(IA((x,t),y)+IA(y,x)+IA(x,(x,t))) − 1∣∣ ≤ C6 β1/2t.
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It follows from Fubini’s theorem that¨
R
d+1
+
|L2(x, t)|
p
t1−(1−s)p
dxdt ≤ C7
¨
Rd×(0,a)
βp/2
td+1−(1−s)p
ˆ
B(x,t)
|u(y)|p dy dxdt
= C8
ˆ a
0
β
p
2
t1−(1−s)p
ˆ
Rd
|u(y)|p dy dt = C9 β
sp
2
ˆ
Rd
|u(y)|p dy.
(3.5)
Finally, we have
(3.6)
¨
R
d+1
+
|L3(x, t)|
p
ap t1−(1−s)p
dxdt ≤ C10
ˆ
Rd×(0,a)
ˆ
B(x,t)
|u(y)|p dy dxdt ≤ C11 β
sp
2
ˆ
Rd
|u|p.
Combining (3.3), (3.4), (3.5), and (3.6) yields
(3.7)
¨
R
d+1
+
|∇AU(x, t)|
p
t1−(1−s)p
dxdt ≤ C12 |u|
p
W s,p
Aq
(Rd)
+ C13 β
sp
2 ‖u‖p
Lp(Rd)
.
Similar to (3.6), we also have
(3.8)
¨
R
d+1
+
|U(x, t)|p
t1−(1−s)p
dxdt ≤ C14
‖u‖p
Lp(Rd)
β
(1−s)p
2
.
The conclusion now follows from (3.7) and (3.8). 
Remark 3.2. If in the proof of Proposition 3.1, one takes a = 1, then the following estimate
holds: ¨
R
d+1
+
|∇AU(x, t)|
p + |U(x, t)|p
t1−(1−s)p
dxdt ≤ C
(
|u|p
W s,p
Aq
(Rd)
+
(
1 + ‖dA‖
p
2
L∞
)
‖u‖p
Lp(Rd)
)
.
We also have a local version of Proposition 3.1.
Proposition 3.3. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. There exists a constant Cd,s,p
such that for every u ∈ C∞(B(0, 2R),C) and every A ∈ C1(B¯2R × [0, R],
∧1
R
d+1) such that
‖dA‖L∞(B(0,2R)×[0,R])+
1
R2 ≤ β, there exists U ∈ C
∞(B(0, R)×(0, R),C) such that U(·, 0) = u(·)
on B(0, R) and
¨
B(0,R)×(0,R)
|∇AU(x, t)|
p
t1−(1−s)p
dxdt
≤ Cd,s,p
( ¨
B(0,2R)×B(0,2R)
∣∣ei IAq (x,y)u(y)− u(x)∣∣p
|x− y|d+sp
dxdy + β
sp
2
ˆ
B(0,2R)
|u|p
)
and ˆ
B(0,R)×(0,R)
|U(z, t)|p
t1−(1−s)p
dt dz ≤
Cd,s,p
β
(1−s)p
2
ˆ
B(0,2R)
|u|p.
4. Characterizations of trace spaces
For γ ∈ R, we define the weighted space
(4.1) W 1,pA,γ(R
d+1
+ ) ,
{
u ∈W 1,1loc (R
d+1
+ ,C) ; ‖U‖W 1,p
A,γ
(Ω) < +∞
}
,
where
‖U‖p
W 1,pA,γ(Ω)
,
¨
R
d+1
+
(
|U(x, t)|p + |∇AU(x, t)|
p
)
tγ dxdt
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It is standard to check that the space W 1,pA,γ(R
d+1
+ ) is complete. We also have the following
density result:
Lemma 4.1. Let 1 ≤ p < +∞, γ ∈ R and A ∈ C(Rd+1+ ,R
d+1). If 1 − p < γ < 1, then the
space C∞c (R
d+1
+ ) is dense in W
1,p
A,γ(R
d+1
+ ).
Proof. The proof of the completeness is standard. For the density of smooth maps, we first
observe that if χ ∈ C∞c (R
d+1), 0 ≤ χ ≤ 1, and χ = 1 on B(0, 1) and if we define for each
λ > 0 the function χλ : R
d+1 → R for x ∈ Rd by χλ(x) = χ(x/λ), then ∇A(U − χλU) =
−U∇χλ + (1− χ)∇AU. It follows that
‖U − χλU‖
p
W 1,p
A,γ
(Rd)
≤ C1
¨
R
d+1
+
((
1− χλ(x, t)
)p(
|U(x, t)|p + |∇AU(x, t)|
p)+ |∇χλ|p|U(x, t)|p)tγ dxdt→ 0,
as λ → ∞, since |∇χλ| ≤ C2/λ. Functions in W
1,p
A,γ(R
d+1
+ ) with bounded support are thus
dense in W 1,pA,γ(R
d+1
+ ).
Since 1 − p < γ < 1, any compactly supported can be approximated in W 1,p0,γ (R
d+1
+ ) by
smooth functions with bounded support [21, Lemma 2.4; 24, Lemma 8; 33, Corollary 2.1.5]
(the condition ensures that the weight (x, t) 7→ tγ satisfies Muckenhoupt’s Ap condition for
p ∈ [1,+∞) given by the assumptions) [7, 23]. Since the function A is locally bounded on
R
d+1, this implies that any bounded supported function in W 1,pA,γ(R
d+1
+ ) can be approximated
in W 1,p0,γ (R
d+1
+ ) by smooth functions with bounded support and the conclusion follows by a
diagonal argument. 
It is also standard to check that the space W s,pAq (R
d) is complete and thus is a Banach space.
We also have the following density result:
Lemma 4.2. Let 0 < s < 1 and p ≥ 1. If Aq ∈ C1(Rd,Rd), then the space C∞c (R
d) is dense
in W s,pAq (R
d).
Proof. First we observe that if u ∈W s,pAq (R
d) is arbitrary, χ ∈ C∞c (R
d) is chosen with 0 ≤ χ ≤ 1
and χ = 1 for x ∈ B(0, 1), and χλ(x) , χ(x/λ), then we have for each x, y ∈ R
d and λ > 0,(
1− χλ(y)
)
ei IAq(x,y)u(y)−
(
1− χλ(x)
)
u(x)
=
(
1− χλ(x)+χλ(y)2
)(
ei IAq (x,y)u(y)− u(x)
)
+ χλ(x)−χλ(y)2
(
ei IAq (x,y)u(y) + u(x)
)
,
and for every y ∈ Rd and λ > 0,ˆ
Rd
|χλ(x)− χλ(y)|
p
|y − x|d+sp
dx ≤
C1
λsp
.
It follows that, for every λ > 0,
|χλu− u|
p
W s,p
Aq
(Rd)
≤ C2
¨
Rd×Rd
(
1− χλ(x)+χλ(y)2
)p ∣∣ei IAq(x,y)u(y)− u(x)∣∣p
|y − x|d+sp
dy dx+ C3
ˆ
Rd
|u(y)|p
λsp
dy,
By Lebesgue’s dominated convergence theorem we deduce that
|χλu− u|W s,p
Aq
(Rd) → 0 and ‖χλu− u‖Lp(Rd) → 0 as λ→ +∞.
Hence functions with compact support are dense in W s,pAq (R
d).
We conclude by observing that since Aq is locally bounded, any function in W s,pAq (R
d) with
compact support is in W s,p0 (R
d), such functions can be approximated in W s,p0 (R
d) by functions
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with uniformly compact support; since the function Aq is locally bounded, the approximating
sequence also converges in W s,pAq (R
d). The conclusion then follows by a diagonal argument. 
As a consequence of Propositions 2.1, 3.1, 2.1, and 3.1, and Lemmas 4.1 and 4.2, we obtain
Theorem 4.3. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. If A ∈ C1(Rd+1+ ,R
d+1) and
‖dA‖L∞(Rd+1+ )
≤ β, then there exists a trace mapping Tr : W 1,pA,1−(1−s)p(R
d+1
+ ,C) → W
s,p
Aq (R
d)
such that for some positive constant Cd,s,p depending only on d, s and p, if U ∈ C
1
c (R
d+1
+ ,C),
then TrU = U(·, 0) and for every U ∈W 1,pA,1−(1−s)p(R
d+1
+ ), if u , TrU ,
|u|p
W s,p
Aq
(Rd)
+ β
sp
2 ‖u‖p
Lp(Rd)
≤ Cd,s,p
¨
R
d+1
+
|∇AU(x, t)|
p + β
p
2 |U(z, t)|p
t1−(1−s)p
dxdt,
and there exists a linear continuous mapping Ext :W s,pAq (R
d,C)→W 1,pA,1−(1−s)p(R
d+1
+ ) such that
Tr ◦Ext : W s,pAq (R
d)→W s,pAq (R
d) is the identity and such that for some positive constant Cd,s,p
depending only on d, s and p, we have for each u ∈W s,pAq (R
d), if U , Extu,
¨
R
d+1
+
|∇AU(x, t)|
p + β
p
2 |U(z, t)|p
t1−(1−s)p
dxdt ≤ Cd,s,p
(
|u|p
W s,p
Aq
(Rd)
+ β
sp
2 ‖u‖p
Lp(Rd)
)
.
5. Constant magnetic field on the half-space
We begin with an improvement of Proposition 2.1 in the case where the magnetic field dA
is constant.
Proposition 5.1. Let d ≥ 1, 0 < s < 1, and 1 ≤ p < +∞. There exists a constant Cd,s,p > 0
such that if A ∈ C1(Rd+1+ ,R
d+1) with constant dA, U ∈ C1c (R
d+1
+ ) and u = U(·, 0), then
|u|p
W s,p
Aq
(Rd)
+ ‖dA‖
sp
2
ˆ
Rd
|U(x, 0)|p dx ≤ Cd,s,p
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p
t1+(1−s)p
dz dt.
The first ingredient of the proof Proposition 5.1 is the following lemma:
Lemma 5.2. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. For every λ > 0, there exists a positive
constant Cd,s,p,λ such that, for every A ∈ C
1(Rd+1+ ,
∧1
Rd+1) with constant dA, we have, for
U ∈ C1c (R
d+1
+ ,C),
¨
Rd×Rd
∣∣ei (IAq (x,y)+λ|y−x|dA[y−x,ed+1])U(y, 0) − U(x, 0)∣∣p
|y − x|d+sp
dxdy ≤ Cd,s,p,λ
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p
t1−(1−s)p
dz dt.
Proof. For x, y ∈ Rd, we identify x = (x, 0), y = (y, 0), and we set Z = (x+y2 , 2λ|y − x|). Since
dA is constant, by Lemma 2.2, we have
IA(x, y) + IA(y, Z) + IA(Z, x) =
1
2
dA[(y − x, 0), (x−y2 ,−2λ|x− y|)] = −λνA(y − x),
where the function νA : R
d → R is defined for each z ∈ Rd by νA(z) = |z| dA[z, ed+1 ]. This
implies by the triangle inequality
(5.1)
∣∣∣ei (IA(x,y)+λνA(y−x))U(y)− U(x)∣∣∣ ≤ ∣∣∣ei IA(x,Z)U(Z)− U(x)∣∣∣+ ∣∣∣ei IA(y,Z)U(y)− U(Z)∣∣∣.
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Using (2.6), we deduce from (5.1) that∣∣∣ei (IA(x,y)+λνA(y−x))U(y)− U(x)∣∣∣
≤
√
1 + λ2 |y − x|
(ˆ 1
0
∣∣∇AU((1− t2)x+ t2y, 2λ|y − x|)∣∣dt
+
ˆ 1
0
∣∣∇AU((1− t2)y + t2x, 2λ|y − x|)∣∣ dt
)
.
We then have, by Minkowski’s inequality,
(5.2)
¨
Rd×Rd
∣∣ei (IA(x,y)+λνA(y−x))U(y)− U(x)∣∣p
|y − x|d+sp
dxdy
≤ C1(1 + λ)
p
(ˆ 1
0
( ¨
Rd×Rd
∣∣∇AU((1− t2)x+ t2y, 2λ|y − x|)∣∣p
|y − x|d−(1−s)p
dy dx
)1/p
+
( ¨
Rd×Rd
∣∣∇AU((1− t2)y + t2x, 2λ|y − x|)∣∣p
|y − x|d−(1−s)p
dy dx
) 1
p
dt
)p
.
Performing the change of variable z = (1− t2)x+
t
2y and v = 2λt(x− y), we obtain¨
Rd×Rd
∣∣∇AU((1− t2 )x+ t2y, 2λ|y − x|)∣∣p
|y − x|d−(1−s)p
dy dx =
1
(2λt)(1−s)p
¨
Rd×Rd
∣∣∇AU(z, |v|)∣∣p
|v|d−(1−s)p
dz dv.
This yields by using spherical coordinates, for every t ∈ (0, 1),
(5.3)
¨
Rd×Rd
∣∣∇AU((1− t2)x+ t2y, 2λ|y − x|)∣∣p
|y − x|d−(1−s)p
dxdy ≤
C2
(λt)p(1−s)
¨
Rd×(0,+∞)
∣∣∇AU(z, r)∣∣p
r1−(1−s)p
dz dr.
Similarly, we have
(5.4)
¨
Rd×Rd
∣∣∇AU((1− t2)y + t2x, 2λ|y − x|)∣∣p
|y − x|d−(1−s)p
dxdy ≤
C2
(λt)p(1−s)
¨
Rd×(0,+∞)
∣∣∇AU(z, r)∣∣p
r1−(1−s)p
dz dr.
Combining (5.2) with (5.3), and (5.4) yields
(5.5)
¨
Rd×Rd
∣∣ei (IAq (x,y)+λνA(y−x))U(y, 0)− U(x, 0)∣∣p
|y − x|d+sp
dxdy
≤
C3(1 + λ)
p
λp
(ˆ 1
0
1
t1−s
dt
)p ˆ
R
d+1
+
∣∣∇AU(z, r)∣∣p dz dr
and the conclusion follows. 
The second tool is the following fractional magnetic Poincaré inequality.
Lemma 5.3. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞ and Aq ∈ C1(Rd,
∧1
R
d) with constant
dA. There exists a constant Cd,s,p > 0 such that, for u ∈ C
1
c (R
d),
ˆ
Rd
|u|p ≤
Cd,s,p
‖dAq‖
sp
2
¨
Rd×Rd
∣∣ei IAq(x,y)u(y)− u(x)∣∣p
|y − x|d+sp
dxdy.
The counterpart of Lemma 5.3 in W 1,2A (R
d) is known [4, Theorem 2.9; 11, Proposition 2.2]
and related to the positiveness of the first eigenvalue of the magnetic Laplacian −∆A, which
corresponds to the first Landau level.
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Proof of Lemma 5.3. Let J : Rd → Rd be a linear isometry. We observe that by setting
z = x+ h and k = Jh, we have
(5.6)
¨
Rd×Rd
∣∣ei IA(x+h,x+h+Jh)u(x+ h+ Jh)− u(x+ h)∣∣p
|h|d+sp
dxdh
=
¨
Rd×Rd
∣∣ei IA(z,z+k)u(z + k)− u(z)∣∣p
|k|d+sp
dz dk.
Similarly, by setting z = x+ h+ Jh and k = −h, we have
(5.7)
¨
Rd×Rd
∣∣ei IA(x+h+Jh,x+Jh)u(x+ Jh)− u(x+ h+ Jh)∣∣p
|h|d+sp
dxdh
=
¨
Rd×Rd
∣∣ei IA(z,z+k)u(z + k)− u(z)∣∣p
|k|d+sp
dz dk.
Finally, we have by setting z = x+ Jh and k = −h,
(5.8)
¨
Rd×Rd
∣∣ei IA(x+Jh,x)u(x)− u(x+ Jh)∣∣p
|h|d+sp
dxdh
=
¨
Rd×Rd
∣∣ei IA(z,z+k)u(z + k)− u(z)∣∣p
|k|d+sp
dz dk.
We compute now, since dA is constant, by Stokes formula
IA(x, x+h)+ IA(x+h, x+h+ Jh)+ IA(x+ Jh, x+h+ Jh)+ IA(x+ Jh, h) = dA[h, Jh],
so that, by the triangle inequality,
(5.9)
∣∣edA[h,Jh] − 1∣∣|u(x)|
≤
∣∣eiIA(x,x+h)u(x+ h)− u(x)∣∣ + ∣∣eiIA(x+h,x+h+Jh)u(x+ h+ Jh)− u(x+ h)∣∣
+
∣∣eiIA(x+Jh,x+h+Jh)u(x+ h)− u(x+ h+ Jh)∣∣ + ∣∣ei IA(x+Jh,h)u(x)− u(x+ Jh)∣∣.
Therefore, we have by Hölder’s inequality, in view of (5.6), (5.7) and (5.8),
¨
Rd×Rd
∣∣edA[h,Jh] − 1∣∣p|u(x)|p
|h|d+sp
dxdh ≤ 4p−1
¨
Rd×Rd
∣∣ei IA(x,x+h)u(x)− u(x+ h)∣∣p
|h|d+sp
dxdh.
Integrating with respect to J over the group SOd of rotations of R
d, we obtain
‖dA‖sp/2
ˆ
Rd
|u(x)|p dx ≤ C1
¨
Rd×Rd
∣∣ei IA(x,x+h)u(x)− u(x+ h)∣∣p
|h|d+sp
dxdh.
The proof is complete. 
We are ready to give
Proof of Proposition 5.1. Applying Lemma 5.2 with λ = 1 and λ = 2, and using the triangle
inequality, we obtain
(5.10)
¨
Rd×Rd
|ei|y−x|dA[y−x,ed+1] − 1|p|U(y, 0)|p
|y − x|d+sp
dxdy ≤ C2
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p
t1−(1−s)p
dz dt.
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Since
|ei IAq(x,y)U(y, 0)− U(x, 0)|p ≤2p−1
∣∣ei (IAq (x,y)+|y−x|dA[y−x,ed+1])U(y, 0)− U(x, 0)∣∣p
+ 2p−1
∣∣ei|y−x|dA[y−x,ed+1] − 1∣∣p|U(y, 0)|p,
it follows from (5.10) and Lemma 5.2 with λ = 1 that
(5.11)
¨
Rd×Rd
|ei IAq (x,y)U(y, 0) − U(x, 0)|p
|y − x|d+sp
dxdy ≤ C3
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p
t1−(1−s)p
dz dt.
From Lemma 5.3, we have
(5.12) ‖dAq‖
sp
2
ˆ
Rd
|U(·, 0)| ≤ C4
¨
R
d+1
+
∣∣∇AU(z, t)∣∣p
t1−(1−s)p
dz dt.
Combining (5.11) and (5.12) yields the conclusion. 
Using Proposition 5.1 and Theorem 4.3, we obtain the following result which implies Theo-
rem 1.3 in the introduction.
Theorem 5.4. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. Assume that A ∈ C1(Rd+1+ ,R
d+1) and
dA is constant. Then, with u , TrU ,
|u|p
W s,p
Aq
(Rd)
+ β
sp
2 ‖u‖p
Lp(Rd)
≤ Cd,s,p
¨
R
d+1
+
|∇AU(x, t)|
p + ‖dA‖
p
2 |U(z, t)|p
t1−(1−s)p
dxdt,
and with U , Extu,
¨
R
d+1
+
|∇AU(x, t)|
p + ‖dA‖
p
2 |U(z, t)|p
t1−(1−s)p
dxdt ≤ Cd,s,p
(
|u|p
W s,p
Aq
(Rd)
+ β
sp
2 ‖u‖p
Lp(Rd)
)
,
for some positive constant Cd,s,p depending only on d, s and p,
6. Trace and extension on domains
In this section, we consider the trace problem on a domain Ω of class C1 with estimates
depending only on the magnetic field dA. We first develop the tools to work with a magnetic
derivative on the boundary ∂Ω via local charts. Let W ⊂ Rd be an open set, ψ ∈ C1(W,Rd),
and A : ψ(W ) →
∧1
R
d. The pull-back ψ∗A of A by ψ is defined for each x ∈ W and v ∈ Rn
by
(6.1) (ψ∗A)(x) , Dψ(x)∗A(ψ(x)),
where Dψ(x)∗ is the adjoint of Dψ(x). We first recall the following elementary result whose
proof follows from the chain rule (see, e.g., [36, Proposition 6.1.11]) and the definition of the
pull-back (6.1).
Lemma 6.1. Let d ≥ 1, V ⊂ Rd be open, bounded, and let ψ ∈ C1(V,Rd+1) be a diffeomor-
phism on its image up to the boundary. Then U ∈W 1,pA (ψ(V )) if and only if U ◦ ψ ∈W
1,p
ψ∗A(V ).
Moreover, for almost every x ∈ V ,
(6.2) ∇ψ∗A(U ◦ ψ)(x) = Dψ(x)
∗[(∇AU)(ψ(x))].
Consequently,
(6.3)
|∇AU (ψ(x))|
‖Dψ−1‖L∞
≤ |∇ψ∗A(U ◦ ψ)(x)| ≤ ‖Dψ‖L∞ |∇AU (ψ(x))|.
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We next derive a similar result on the boundary when ψ : W 7→ ∂Ω for the fractional
magnetic Gagliardo–Sobolev seminorm. Although the potential I
A¯
defined in (2.4) does not
make sense in general for each x, y ∈ ∂Ω if Ω is not convex for Aq ∈ C(
∧1 T ∗∂Ω), when ∂Ω
is compact smooth manifold, then ∂Ω has a positive injectivity radius inj∂Ω and if x, y ∈ ∂Ω
and d∂Ω(y, x) ≤ inj∂Ω, then there exists a unique minimizing geodesic γ : [0, 1] → ∂Ω such that
γ(0) = x and γ(1) = y. We then define for such x and y the quantity
(6.4) I∂ΩAq (x, y) ,
ˆ 1
0
Aq
(
γ(t)
)
· γ′(t) dt.
We have
Lemma 6.2. Let d ≥ 1, W ⊂ Rd be open, bounded, and let ψ :W → Rd+1 be a diffeomorphism
up to the boundary to its image as a subset of the manifold ∂Ω. If W and ψ(W ) are geodesically
convex, then for every 0 < s < 1 and 1 ≤ p < +∞, there exists a positive constant C such that
for every Aq ∈ C1(
∧1 T ∗∂Ω) and every measurable function u : ψ(W )→ C,
C−1
¨
ψ(W )×ψ(W )
∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣p
d∂Ω(y, x)d+sp
dy dx
≤
¨
W×W
∣∣ei Iψ∗Aq (x,y)u(ψ(y)) − u(ψ(x))∣∣p
|y − x|d+sp
dy dx+min(‖dAq‖pL∞ , ‖dA
q‖
sp
3
L∞)
ˆ
W
|u ◦ ψ|p dx
and
¨
W×W
∣∣ei Iψ∗Aq(x,y)u(ψ(y)) − u(ψ(x))∣∣p
|y − x|d+sp
dy dx
≤ C
( ¨
ψ(W )×ψ(W )
∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣p
d∂Ω(y, x)d+sp
dy dx+min
{
‖dAq‖pL∞ , ‖dA
q‖
sp
3
L∞
}ˆ
ψ(W )
|u|p dx
)
.
In the proof of Lemma 6.2, we use the following result which relates the potential I∂ΩA to
the potential Iψ∗A via local charts.
Lemma 6.3. Let d ≥ 1, let W ⊂ Rd be open and bounded, and let ψ : W → ∂Ω be a
diffeomorphism up to the boundary to its image. If W and ψ(W ) are geodesically convex, then
there exists a positive constant C such that for every x, y ∈W , we have∣∣Iψ∗Aq(x, y)− I∂ΩAq (ψ(x), ψ(y))∣∣ ≤ C‖dAq‖L∞(ψ(W ))|y − x|3.
Proof. For every x, y ∈ W , there exists a unique minimizing geodesic γ : [0, 1] → ψ(W ) such
that γ(0) = ψ(x) and γ(1) = ψ(y). Since γ is a geodesic, the function γ˜ = ψ−1 ◦ γ satisfies
the equation
γ˜′′(t) = Γ(γ˜(t))[γ˜′(t), γ˜′(t)],
where for every z ∈ ψ(W ), Γ(z) is a symmetric bilinear mapping (see, e.g., [10, Chapter 3]).
There exists thus a constant C1 such that for every t ∈ [0, 1],
|γ˜′′(t)| ≤ C1|y − x|
2.
Since γ˜(0) = x and γ˜(1) = y, we deduce that for every t ∈ [0, 1] we have∣∣(1− t)x+ ty − γ˜(t)∣∣ ≤ C2 t(1− t) |y − x|2.
We have then by the Stokes theorem
Iψ∗Aq(y, x)− I
∂Ω
Aq (ψ(y), ψ(x))
=
ˆ
[0,1]2
dA
(
(1− s)((1− t)x+ ty) + sγ˜(t)
)
[(1− t)x+ ty − γ˜(t), (1− s)γ˜′(t) + s(y − x)] dt ds,
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and therefore, ∣∣Iψ∗Aq(y, x)− I∂ΩAq (ψ(y), ψ(x))∣∣ ≤ C3‖dAq‖L∞(ψ(W ))|y − x|3. 
We are ready to give the
Proof of Lemma 6.2. By the change of variable formula, we have
¨
ψ(W )×ψ(W )
∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣p
d∂Ω(y, x)d+sp
dy dx
=
¨
W×W
∣∣ei I∂ΩAq (ψ(x),ψ(y))u(ψ(y)) − u(ψ(x))∣∣p
d∂Ω(ψ(y), ψ(x))d+sp
Jacψ(y) Jacψ(x) dy dx.
We thus obtain
¨
ψ(W )×ψ(W )
∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣p
d∂Ω(y, x)d+sp
dy dx
≤ C1
( ¨
W×W
∣∣ei Iψ∗Aq (x,y)u(ψ(y)) − u(ψ(x))∣∣p
|y − x|d+sp
dy dx
+
¨
W×W
∣∣∣ei I∂ΩAq (ψ(x),ψ(y)) − ei Iψ∗Aq(x,y)∣∣∣p|u(ψ(y))|p
|y − x|d+sp
dy dx
)
.
Since, by Lemma 6.3, for every x, y ∈W ,∣∣∣ei I∂ΩAq (ψ(x),ψ(y)) − ei Iψ∗Aq(x,y)∣∣∣p
|y − x|d+sp
≤
C2min{‖dA
q‖pL∞(ψ(W ))|y − x|
3p, 1}
|y − x|d+sp
,
the first estimate then follows from the factsˆ
Rd
min
{
‖dAq‖pL∞(ψ(W ))|z|
3p, 1
}
|z|d+sp
dz ≤ C3 ‖dA
q‖
sp
3
L∞(ψ(W ))
and ˆ
B(0,diam(W ))
‖dAq‖pL∞(ψ(W ))|z|
3p
|z|d+sp
dz ≤ C4 ‖dA
q‖pL∞(ψ(W )).
The proof of the second estimate follows similarly. 
We have the following estimate on the traces of magnetic Sobolev spaces.
Proposition 6.4. Let d ≥ 1, let 1 ≤ p < +∞ and let Ω ⊂ Rd+1 be a bounded domain of class
C1. There exists a constant CΩ,p > 0 such that if A ∈ C
1(Ω¯,
∧1
R
d) and ‖dA‖L∞(Ω) ≤ β and
U ∈W 1,pA (Ω), then u , TrU satisfies the estimate¨
(x,y)∈∂Ω×∂Ω
d∂Ω(y,x)≤inj∂Ω
∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣p
|y − x|d+p−1
dxdy ≤ CΩ,p
ˆ
Ω
∣∣∇AU ∣∣p + (1 + β p2 )|U |p.
Here for z ∈ ∂Ω, Aq(z) , A(z)− (A(z) · ν(z))ν(z) where ν(z) denotes a unit normal vector of
∂Ω at z.
Proof of Proposition 6.4. Without loss of generality, we can assume that β ≥ 1. By density
argument onW 1,p(Ω,C), we can assume that u ∈ C∞(Ω¯). We first observe that, by the classical
trace theory and the diamagnetic inequality,
(6.5)
ˆ
∂Ω
|u|p ≤ C1
(ˆ
Ω
∣∣∇AU ∣∣p + |U |p
) 1
p
(ˆ
Ω
|U |p
)1−1/p
.
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Since ∂Ω is compact and Ω is of class C1, there exists maps ψi : B(0, 1) × (−1, 1) → R
d
that are diffeomorphism on their image such that ψi(B(0, 1)∩ (0, 1)) = ψi(B(0, 1)× (0, 1))∩Ω,
ψi(B(0, 1)×{0}) = ψ(B(0, 1))∩∂Ω, ∂Ω ⊂
⋃ℓ
i=1 ψi(B(0, 1/2)×{0}) and for every i ∈ {1, . . . , ℓ},
ψi(B(0, 1) × {0}) is geodesically convex. Applying Proposition 2.4 for i ∈ {1, . . . , ℓ}, we have
¨
B(0,1)×B(0,1)
∣∣∣ei Iψ∗iAq(x,y))(u(ψi(y, 0)) − u(ψi(x, 0))∣∣∣p
|y − x|d+p−1
dxdy
≤ C2
ˆ
B(0,1)×[0,1]
∣∣∇A(U ◦ ψi)∣∣p + β p2 |U ◦ ψi|p.
Since β ≥ 1, in view of Lemma 6.1 and Lemma 6.2, this implies that
(6.6)
¨
ψi(B(0,1)×{0})×ψi(B(0,1)×{0})
∣∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣∣p
d∂Ω(y, x)d+p−1
dxdy
≤ C3
( ˆ
ψi(B(0,1)×(0,1))
∣∣∇AU ∣∣p + β p2 |U |p + β p−13
ˆ
ψi(B(0,1)×{0})
|u|p
)
.
We have then by Young’s inequality and by (6.5)
β
p−1
3
ˆ
ψi(B(0,1)×{0})
|u|p ≤ β
p−1
2
ˆ
ψi(B(0,1)×{0})
|u|p
≤ C4
ˆ
ψi(B(0,1)×{0})
∣∣∇AU ∣∣p + (1 + β p2 )|U |p.
(6.7)
The conclusion follows by summing for i ∈ {1, . . . , ℓ} the estimates resulting the combination
of (6.6) and (6.7). 
Concerning the extension, we have
Proposition 6.5. Let d ≥ 1, let 1 ≤ p < +∞ and let Ω ⊂ Rd be a bounded domain of class
C1. There exists a constant CΩ,p > 0 such that if A ∈ C
1(Ω¯,
∧1
Rd), if ‖dA‖L∞(Ω) ≤ β and if
u ∈W 1−1/p,p(∂Ω), then there exists U ∈W 1,p(Ω) ∩ C∞(Ω,C) such that Tr∂Ω U = u and
ˆ
Ω
∣∣∇AU ∣∣p ≤ CΩ,p
( ¨
(x,y)∈Ω×Ω
d∂Ω(y,x)≤inj∂Ω
∣∣ei I∂ΩA (x,y)u(y)− u(x)∣∣p
|y − x|d+p−1
dxdy +
(
1 + β
p−1
2
)ˆ
∂Ω
|u|p
)
and ˆ
Ω
|U |p ≤
CΩ,p
1 + β
p
2
ˆ
∂Ω
|u|p.
Proof. Since ∂Ω is compact and Ω is of class C1, there exists maps ψi : B(0, 1)× (−1, 1)→ R
d
that are diffeomorphism on their image which is geodesically convex such that ψi(B(0, 1) ∩
[0, 1)) = ψi(B(0, 1)×(0, 1))∩Ω, ψi(B(0, 1)×{0}) = ψi(B(0, 1))∩∂Ω and ∂Ω ⊂
⋃ℓ
i=1 ψi(B(0, 1/2)×
{0}. Moreover, there exist smooth functions η1, . . . , ηℓ in C
∞(Ω¯) such that supp ηi ⊂ ψi(B(0, 1/2)×
[0, 1/2]) and
∑ℓ
i=1 ηi = 1 in Ω.
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By Proposition 3.3, for every i ∈ {1, . . . , ℓ}, there exists a function Ui ∈ W
1,p
ψ∗iA
(B(0, 1/2) ×
[0, 1/2]) ∩C∞(B(0, 1/2)× [0, 1/2]) such that TrUi = u ◦ ψi on B(0, 1/2)× {0} and moreover,
ˆ
B(0,1/2)×[0,1/2]
|∇ψ∗iAUi|
p ≤ C
¨
B(0,1)×B(0,1)
∣∣∣ei Iψ∗iAq(x,y)u(ψi(y, 0))− u(ψi(x, 0))∣∣∣p
|y − x|d+p−1
dxdy
+Cβ
p−1
2
ˆ
B(0,1)
|u(ψi(x, 0))|
p dx
and ˆ
B(0,1/2)×[0,1/2]
|Ui|
p ≤ C
ˆ
B(0,1)
|u ◦ ψi|
p.
Using Lemma 6.1 and Lemma 6.2, we derive thatˆ
ψi(B(0,1/2)×[0,1/2])
|∇A(Ui ◦ ψ
−1
i )|
p
≤ C
ˆ
ψi(B(0,1))×ψi(B(0,1))
∣∣ei I∂ΩAq (x,y)u(y)− u(x)∣∣p
|y − x|d+p−1
dxdy + β
p−1
2
ˆ
ψi(B(0,1)×{0})
|u|p
and ˆ
ψi(B(0,1/2)×[0,1/2])
|Ui|
p ≤
ˆ
ψi(B(0,1)×{0})
|u|p.
We define now U ,
∑ℓ
i=1 ηiUi ◦ ψ
−1
i . We have by the Leibnitz rule for covariant derivatives
∇AU =
ℓ∑
i=1
(
(Ui ◦ ψ
−1
i )Dηi + ηi∇A(Ui ◦ ψ
−1
i )
)
,
and we conclude. 
Proposition 6.4 and Proposition 6.5 imply the following semi-classical estimates.
Proposition 6.6. For every A ∈ C1(Ω¯,
∧1
R
d), there exists a positive constant C such that
for every ε > 0, we have
C−1
( ¨
(x,y)∈Ω×Ω
d∂Ω(y,x)≤inj∂Ω
εp
∣∣ei I∂ΩA (x,y)/εu(y)− u(x)∣∣p
|y − x|d+p−1
dxdy +
(
εp + ε
p+1
2
)ˆ
∂Ω
|u|p
)
≤ inf
{ˆ
Ω
|εDU + iAU |p +
(
εp + ε
p
2
)
|U |p ; U ∈W 1,pA (Ω) and Tr∂Ω U = u
}
≤ C
( ¨
(x,y)∈Ω×Ω
d∂Ω(y,x)≤inj∂Ω
εp
∣∣ei I∂ΩA (x,y)/εu(y)− u(x)∣∣p
|y − x|d+p−1
dxdy +
(
εp + ε
p+1
2
) ˆ
∂Ω
|u|p
)
.
7. Interpolation of magnetic spaces
We define for every p ∈ [1,+∞) and γ ∈ (0,+∞), the functional space [32, Definition 1.8.1/1]
W
1,p
A,γ(R
d) =
{
U : (0,+∞)→ (W 1,pA
(
R
d) + Lp(Rd)
)
;
U is weakly differentiable and ‖U‖
W
1,p
A,γ
(Rd) < +∞
}
,
where
‖U‖
W
1,p
A,γ
(Rd) ,
(ˆ +∞
0
(
‖U(t)‖p
W 1,p
A
((Rd)
+ ‖U ′(t)‖p
Lp(Rd)
)
tγ dt
)
.
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For every T ∈ (0,+∞) and U ∈ W1,pA,γ(R
d), one has U ∈ C([0, T ],W 1,pA (R
d) + Lp(Rd))
[32, Lemma 1.8.1]. In particular, the corresponding trace space can be defined by [32, Definition
1.8.1/2]
(7.1) T1,pA,γ ,
{
U(0) ; U ∈W1,pA,γ(R
d)
}
.
By a classical result in interpolation theory (see for example [32, Theorem 1.8.2]), we have if
p ∈ [1,+∞) and s ∈ (0, 1),
(7.2) T1,pA,(1−s)p−1(R
d) =
(
W 1,pA (R
d), Lp(Rd)
)
s,p
,
where the right-hand side denotes the real interpolation of order s and exponent p between the
spaces W 1,pA (R
d) and Lp(Rd) [32, Definition 1.3.2].
In order to characterize the trace space, we rely on the following equivalence, whose non-
magnetic counterpart is classical [32, Lemma 2.9.1/2]
Lemma 7.1. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. If A ∈ C(Rd,Rd) and if dA ∈
L∞(Rd,
∧2
R
d), then
W
1,p
A,γ(R
d) =W 1,p
A¯,γ
(Rd+1+ ).
Here A¯ : Rd+1+ → R
d+1 is the natural extension of A, defined by A¯(x, t) = (A(x), 0). The
equality of Lemma 7.1 is understood under the identification U(t)(x) = U(x, t).
Proof of Lemma 7.1. We assume first that U ∈W 1,p
A¯,s
(Rd+1+ ). By Fubini’s theorem, we have for
almost every t, U(t) ∈W 1,p(Rd). If now θ ∈ C∞c ((0,+∞)), we have for every ϕ ∈ C
∞
c (R
d),
(7.3)
ˆ
Rd
ˆ +∞
0
θ′ϕU = −
ˆ
Rd
ˆ +∞
0
θ ϕU ′
and thus, in W 1,pA (R
d) + Lp(Rd),
ˆ +∞
0
θ′ϕU = −
ˆ +∞
0
θ ϕU ′.
We finally haveˆ +∞
0
(
‖U(t)‖p
W 1,p
A
(Rd)
+ ‖U ′(t)‖p
Lp(Rd)
)
tγ dt ≤ C1
¨
R
d+1
+
(
|∇A¯U(x, t)|
p + |U(x, t)|p
)
tγ dt dx.
Conversely, if U ∈W1,pA,(1−s)p−1, then (7.3) holds and similarly,ˆ +∞
0
θ (divϕ− iA · ϕ)U(t) = −
ˆ +∞
0
θ ϕ∇AU(t)
Hence, by the density of tensor products, we obtain that U ∈ W 1,1loc (R
d+1
+ ) and ∇AU(t, x) =
(∇A(U(t))(x), U
′(t)). 
We obtain from the previous results the following characterization of the spaces by interpo-
lation.
Theorem 7.2. Let d ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. If A ∈ C(Rd,Rd) and if dA ∈
L∞(Rd,
∧2
R
d), then
W s,pA =
(
W 1,pA (R
d), Lp(Rd)
)
s,p
,
Proof. By Theorem 4.3, W s,pA (R
d) is the trace space of W 1,pA,(1−s)p−1(R
d). By Lemma 7.1, this
latter space coincides with W1,pA,(1−s)p−1(R
d) whose trace space Ts,pA (R
d) defined in (7.1) is the
required interpolation space by (7.2). 
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8. Extension from a half-space
Finally, we obtain a result about the extension from half-space to the whole space of functions
in magnetic Sobolev spaces. Set, for γ ∈ R,
W 1,pA,γ(R
d+1) ,
{
U ∈W 1,1loc (R
d+1) ; ‖U‖W 1,pA,γ (Rd+1)
< +∞
}
,
where
‖U‖
W 1,pA,γ(R
d+1)
,
(¨
R
d+1
+
(
|∇AU(x, t)|
p + |U(x, t)|p
)
|t|γ dxdt
)1
p
.
Theorem 8.1. Let d ≥ 1, −1 < γ < p− 1 and 1 ≤ p < +∞. There exists a constant C > 0
such that for every A ∈ C1(Rd+1,
∧1
Rd+1) such that dA is bounded and every U ∈W 1,pA,γ(R
d+1
+ ),
there exists U¯ ∈W 1,pA,γ(R
d+1) such that U¯ = U on Rd+1+ . Moreover, if β ≥ ‖dA‖L∞(Rd+1),¨
Rd+1
(
|∇AU¯(x, t)|
p + β
p
2 |U¯(x, t)|p
)
tγ dxdt ≤ C
¨
Rd+1
(
|∇AU(x, t)|
p + β
p
2 |U(x, t)|p
)
tγ dxdt.
Proof of Theorem 8.1. This follows from Theorem 4.3 on Rd+1+ and Proposition 3.1 on R
d+1
−
with s = 1− γ+1p . 
Remark 8.2. A natural strategy to prove Theorem 8.1 would be to define the extension U¯
by reflection: for every (x, t) ∈ Rd × (−∞, 0), we would define U¯(x, t) = U(x,−t). The
computation of the covariant derivative would give
∇AU¯(x, t) = R∇AU(x,−t) + i
(
A(x, t) −RA(x− t)
)
U(x,−t),
where R is the orthogonal reflection with respect to the hyperplane Rd × {0}. The approach
would thus only work when A is invariant under the pull-back by R; this would imply the same
invariance of the magnetic field dA and implies that even up to gauge transformations, it is
not possible to cover a significant class of magnetic fields.
Appendix A. Alternative magnetic Gagliardo seminorms
A fractional Gagliardo seminorm defined by an integral involving the mid-point has been
proposed in the litterature (see [1; 2; 5, §2; 8, §2; 12; 15; 18, §2; 25; 27; 31; 35, §2]):
(A.1)
( ¨
Rd×Rd
∣∣ei A(x+y2 )[y−x]u(y)− u(x)∣∣p
|y − x|d+sp
dxdy
)1
p
;
another natural candidate could be the integral involving boundary points
(A.2)
( ¨
Rd×Rd
∣∣e i2 (A(x)[y−x]+A(y)[y−x])u(y)− u(x)∣∣p
|y − x|d+sp
dxdy
) 1
p
.
Whereas (1.4) enjoyed a gauge-invariance property, this is not the case for (A.1) or (A.2).
The formulas (1.4), (A.1) and (A.2) are in fact particular cases of the following general
semi-norm
(A.3) ‖u‖W˙ s,p
A,µ
(Rd) =
( ¨
Rd×Rd
∣∣ei IµAq(x,y)u(y)− u(x)∣∣p
|y − x|d+sp
dxdy
) 1
p
,
where µ is a given finite measure on the interval [0, 1] and where the potential IµAq of A with
respect to the measure µ is defined by the following variant of (2.4)
IµAq(x, y) =
ˆ 1
0
A
(
(1− t)x+ ty
)
· (y − x) dµ(t).
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The seminorm defined in (1.4), (A.1) and (A.2) correspond respectively to a restriction of the
Lebesgue measure µ = L1x[0, 1], a Dirac measure at the centre µ = δ1/2 and the average of
Dirac measures at the endpoint µ = δ0+δ12 .
Proposition A.1. Let k ∈ N and let µ1, µ2 be measures on [0, 1]. If for every j ∈ {0, . . . , k−1},ˆ 1
0
tj dµ1(t) =
ˆ 1
0
tj dµ2(t),
then ∣∣‖u‖W s,pA,µ2 (Rd) − ‖u‖W s,pA,µ1 (Rd)
∣∣ ≤ C‖DkA‖ sk+1
L∞(Rd)
‖u‖Lp(Rd).
The measures corresponding to the semi-norms of (1.4), (A.1) and (A.2) all satisfy the
assumptions of Proposition A.1 with k = 0, k = 1 and k = 2, and the heterogeneous spaces
coincide thus as soon as either A is bounded or its second or first derivative is bounded. This
means in particular that if k = 1, the estimates in the present work involving ‖dA‖L∞ and our
semi-norm given by (1.4), have counterparts involving ‖DA‖L∞ and either (A.1) and (A.2);
the latter quantities are not gauge invariant.
In the particular case where A is an affine function, then Proposition A.1 holds with k = 2
and D2A = 0; the norms defined by (1.4), (A.1) and (A.2) are then identical.
Higher moment identities in the assumption of Proposition A.1 induce lower powers in the
dependence on derivatives of A, which can be relevant in semi-classical analyses. The exponent
in the moment condition can be increased by using a measure µ such that more moment
coincide. For instance setting µ = 16δ0 +
2
3δ1/2 +
1
6δ1, corresponding to Simpson’s quadrature
rule, would give estimates of (1.4) up to a term of the order ‖DkA‖
sp
k+1 for k ∈ {0, . . . , 3}.
Proof of Proposition A.1. We have for every x, y ∈ Rd, by the triangle inequality
∣∣∣∣∣ei Iµ2Aq (x,y)u(y)− u(x)∣∣ − ∣∣ei Iµ1Aq (x,y)u(y)− u(x)∣∣∣∣∣
≤
∣∣ei (Iµ2Aq (x,y)−Iµ2Aq (x,y)u(y)∣∣ = ∣∣ei Iµ2−µ1Aq (x,y)u(y)∣∣.
By integration and Minkowski’s inequality, this yields
∣∣∣∣∣
( ¨
Rd×Rd
∣∣ei Iµ2Aq (x,y)u(y)− u(x)∣∣p
|y − x|d+sp
dxdy
) 1
p
−
( ¨
Rd×Rd
∣∣ei Iµ1Aq (x,y)u(y)− u(x)∣∣p
|y − x|d+sp
dxdy
) 1
p
∣∣∣∣∣
≤
( ¨
Rd×Rd
∣∣ei Iµ2−µ1Aq (x,y) − 1∣∣p|u(y)|p
|y − x|d+sp
dxdy
) 1
p
.
By our assumption on the moments of the measures µ1 and µ2, there exists a constant C1
depending only on the measure µ2 − µ1 such that∣∣Iµ2−µ1Aq (x, y)∣∣ ≤ C1‖DkA‖|y − x|k+1,
and thus for every y ∈ Rd
ˆ
Rd
∣∣ei Iµ2−µ1Aq (x,y) − 1∣∣p
|y − x|d+sp
dx ≤ C2‖D
kA‖
sp
k+1
L∞ ;
the conclusion then follows. 
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